Translocation properties of ionic channels are investigated, on the basis of classical electrostatics, with an emphasis on asymptotic formulas for the potential and field associated with a point charge in the channel. Due to image charges in the membrane, we show that ions in an infinite length channel interact via a one-dimensional (1D) Coulomb potential. The corresponding electrostatic barrier Σ is characterized by a "geometric mean" screening Σ ∝ e 2 / √ ǫ w ǫ m R (R being the radius of the pore, and ǫ m ≈ 2 and ǫ w ≈ 80 the room temperature dielectric constants of membrane and water, respectively). There exists a crossover length, x 0 ∝ R ǫ w /ǫ m ∼ 6.3R, below which the 1D potential governs the electrostatics and beyond which the three-dimensional (3D) Coulomb potential screened by the membrane takes over. Knowledge of this length enables us to discriminate between long channels, the length L of which satisfies: L ≫ 2x 0 , and short channels for which L ≪ 2x 0 . The latter condition is satisfied by most realistic channels (e.g., gramicidin A where R ≈ 3Å, L ≈ 2.5nm and 2x 0 ≈ 3.8nm) whose translocation energy is therefore controlled by the part of the self-energy, Σ, arising from the 1D potential. On this basis, we derive an expression for Σ, with no fitting parameter, which applies to a generic nano-channel of length L and radius R. Our results are related to model-independent translocation properties of nano-scale ionic channels, they improve on previous, curve-fitting, formulas and agree to within 5% with estimates, resulting from numerical simulations, available in the literature on the subject.
I. INTRODUCTION
The simplest physical models of bilayer membranes turn out to be particularly useful to understand the basic electrostatic interplays between the membrane and the ionic flow. Consider the phospholipid bilayer as a thin slab of non-conducting material separating two aqueous solutions, and an aqueous ion channel as a cylindrical region connecting the two solutions, see Fig 1. One apparent obstacle to ionic conduction is the electrostatic energy barrier which has to be passed in order to move the ion through the channel. In 1969, Parsegian 1 found that, for an infinite channel, the electrostatic self-energy Σ, i.e. the energy required to move an ion from infinity to the center of the channel, is of the order of 16 k B T . A major contribution to this self-energy comes from the self-image of the charge due to the consequent difference between the dielectric constant of the water channel (ǫ w ≈ 80, at room temperature) and that of the lipid membrane (ǫ m ≈ 2). Such a large barrier would prevent any ionic flow, contrary to the relatively high conductances observed in experiments 2 . Moreover, these are compatible with barriers not exceeding 6 k B T . The most obvious limitation of previous models is that they consider channels of infinite length (no screening by counter ions is assumed because typical channel radii considered here are of the order of a fewÅ). Taking In this contribution, the original, model-independent, problem of the electrostatics of pointlike ions in an infinite channel is reconsidered, with an emphasis on asymptotic expressions for the potential and field which have not been derived previously. Our quantitative results show the appearance of a length scale: x 0 ∝ R ǫ w /ǫ m , which separates regions, in space, where the effect of the image-charges on the ion at the origin are crucially different. At distances x, along the channel, smaller than x 0 (x ≪ x 0 ), the electrostatic potential, ϕ, is one-dimensional (1D) and displays an unusual, i.e. algebraic in the dielectric constants, screening: ϕ ∝ (e 2 / √ ǫ w ǫ m R)(1 − |x|/x 0 ). At distances x, along the channel, larger than x 0 (x ≫ x 0 ), the electrostatic potential is three-dimensional (3D) and everywhere, even in the water channel, screened by the membrane:
ϕ ∝ e 2 /ǫ m |x|. In the region x ≪ x 0 , the ions are anti-confined, i.e. subject to a constant repulsive force. The crossover length, x 0 , is found to be of the order of, or larger than, the average length of a typical ionic channel and our asymptotic expressions, in the 1D Coulomb regime, thus capture the essence of the phenomena characteristic of realistic, i.e. nano-length, channels. On this physical basis, we will therefore derive a formula for Σ depending on the length L and radius R of a typical pore. This formula for Σ, will be shown to agree, within 5% of accuracy, with the available numerical results in the field and therefore improves on previous, curve-fitting, expressions. This will lead us to an accurate knowledge, of the main exponential dependence, of the conductance G, of finite-length channels:
This article is organized as follows. We first consider the case of an infinite channel where calculations may be carried out straightforwardly. In Sec. II, the electrostatic potential, within the infinite channel, is derived in various asymptotic regimes. The length x 0 is defined. In Sec. III, similar asymptotic formulas for the potential in the membrane are derived. These results are used, in Sec. IV, to derive the components of the electric field. In Sec. V, the image self-energy of a charge in an infinite channel is derived and the part of this self-energy, arising from the 1D Coulomb potential, is singled out. In Sec. VI numerical estimates of the various quantities, derived in the previous sections, are given and compared with exact numerical simulations. In Sec. VII, the case of finite size channels is considered and, on the basis of the results of previous sections, an expression for the self-energy of nano-channels is derived. A comparison is then made with the available results in the literature, based on numerical simulations. Finally, the conclusion is given in Sec. VIII.
II. ELECTROSTATIC POTENTIAL INSIDE AN INFINITE CHANNEL
Consider a point-like ion (charge e) in an infinite cylinder of radius R and of dielectric constant ǫ w (of water), embedded in a media (the membrane) of dielectric constant ǫ m ≪ ǫ w , cf. Fig. 4 . The electrostatic potential, ϕ(x, r ⊥ ), of such an ion within the cylinder is given by:
where k is the wavenumber along the (x-)axis of the channel and:
where I ν and K ν are modified Bessel functions of the first and second kind, respectively. Coulomb potential of a charge in an infinite media of dielectric constant ǫ w and the second term corresponds to the potential due to the image charges (repulsive, as it should be, for ǫ w > ǫ m , because the charge is sitting in the high dielectric constant media). A similar expression has been derived elsewhere 5 and we shall therefore not prove it here.
At distances smaller than the radius of the channel, kR ≫ 1, we may use the asymptotic expressions of modified Bessel functions 6 :
Substituting these expressions in the second term, the image part, of Eq. (2), leads to a term ≈ e/ǫ w R, which, at x ≪ R, is negligible compared to the first one: e/ǫ w |x|. At distances,
x ≪ R, the images play no role, and the Coulomb potential is the usual 3D one, screened by the dielectric constant of water:
Because all phenomena we shall be interested in, in the following, are related to the effect of image charges, R will be our lowest distance cut-off. We will therefore explore the properties of the system at distances larger than the radius of the channel.
We focus on the asymptotics of Eq. (2) at distances, along the channel, larger than its radius,
i.e. kR ≪ 1. We will need, in the following, the series expansions of Bessel functions, which may be found in any standard table, e.g. Ref. 6 . To the highest order of main interest to us, these series expansions read:
where γ ≈ 0.577 is Euler's constant. With the help of Eq. (5), Eq. (2) may then be approximated by:
where the dimensionless ξ = kR has been introduced and a characteristic distance, x 0 , appears and reads:
For clarity, the solutions of Eq. (7) In the limit ξ ≪ R/x 0 , i.e. x ≫ x 0 , Eq. (6) reduces to:
The integral is a standard one and, as a result:
which corresponds to the usual 3D Coulomb interaction screened by the membrane.
In the limit ξ ≫ R/x 0 , i.e. R ≪ x ≪ x 0 , Eq. (6) reads:
where corrections in x/x 0 , r ⊥ /x 0 as well as R/x 0 have been summed, to all orders, into the special functions appearing in Eq. (10). With the help of series expansions of these special functions, to the lowest orders in the small quantities above: J 0 (r ⊥ /x 0 ) ≈ 1 and:
Eq. (11) shows that the potential is 1D-like, because of the linear dependence on the coordinate, 
III. ELECTROSTATIC POTENTIAL OUTSIDE THE INFINITE CHANNEL
In this section, we will still focus on the ion within the pore but determine the potential due to this ion outside the pore, i.e. for r ⊥ > R. This potential reads:
Eq. (12) reads, in this limit:
where the dimensionless variable ξ = kx 0 and x 0 is given by Eq. (7).
For x ≫ x 0 , we recover the potential of a 3D point-like charge:
where r = x 2 + r 2 ⊥ and the screening is by the dielectric constant of the membrane. For x ≪ x 0 , the potential reads:
where H 0 is a Struve function and Y 0 is a Neumann function. Using asymptotic and series representations of these special functions 6 , we find that:
and that:
Eq. (16) shows that, inside the shell of radius x 0 outside the pore, the potential is 2D-like. As The potential outside the pore of Eq. (16) has also an x−dependence which we have neglected as a first approximation. Taking this dependence into account, the latter may formally be expressed as:
The series expansions of the special functions appearing in Eq. (18), give the dominant contributions in the small parameters x/x 0 and r ⊥ /x 0 , e.g. the exponential gives the linear dependence on |x| and the MacDonald function K 0 gives the logarithmic dependence on r ⊥ .
IV. ELECTRIC FIELD IN AN INFINITE CHANNEL
The previous sections have shown the importance of the crossover length, x 0 , which separates regions, in space, characterized by different sectors of the electrostatic potential controlled by the effect of image charges. We proceed now on deriving the corresponding components of the electric field of the ions in the channel.
Within the channel and at distances, from the ion at the origin, smaller than x 0 , cf. Fig. 4 , the electrostatic potential is given by Eq. (10), which corresponds, in the first order in x/x 0 to a 1D Coulomb potential, cf. Eq. (11). The corresponding components of the electric field then formally (expansions of the various functions involved have to be taken) read:
These expressions display the role of the image force: J 0 is unity at the origin, so the longitudinal field is constant, non-zero and positive. On the other hand, J 1 vanishes at the origin, so there is no component of transverse force on the charge. The 1D Coulomb force, which strongly prevents more than one ion to be inside the pore, therefore reads:
Another particular sector, of the electrostatic potential, corresponds to the cylindrical shell surrounding the pore, at R ≪ r ⊥ ≪ x 0 , still within the distance x 0 along the channel, from the origin. In this region, Eq. (16) shows that the potential is 2D-like. With the help of Eq. (18), which includes higher order corrections, the corresponding components of the electric field then formally read:
Finally, the last sector corresponds to the region outside the cylinder of radius x 0 and length 2x 0 where the potential is 3D-like and isotropic (cf. Eqs. (9), (14) and (17)). This potential is still unusual, within the water channel, because, due to the effect of image charges, it is screened by the membrane only:
The electric field then corresponds to the usual 3D electric field screened by the dielectric constant of the membrane.
We denote this field by:
V. IMAGE SELF-ENERGY OF AN ION IN AN INFINITE CHANNEL
The total self-energy of a charge in the channel may be derived, with the help of the selfpotential, by the identity:
where the upper script (∞), refers to the fact that an infinite channel is considered. As for the electrostatic potential, in Eq. (25), we consider the self-energy arising due to image charges, the image self-energy, and measure it with respect to the Born energy of the charge e 2 /2ǫ w a, where a is the radius of the charge. As for the electrostatic potential, we decompose this image self-energy, by considering a part, Σ 1 , arising from the region x ≪ x 0 , and a part related to larger distances, Σ
3 , where the potential is the regular 3D-like (but screened everywhere by the membrane). Hence:
We focus first on the part arising from the 1D Coulomb, Σ
1 . Suppose that the charge is brought to the origin along the channel. The corresponding self-potential is given by Eq. (10) at x = 0 and r ⊥ = 0. The corresponding self-energy then reads:
This self-energy may be evaluated by a similar way by considering that the charge has been brought to the origin from the membrane (i.e. perpendicular to the pore). Then, Eq. (18) has to be used for the self-potential which brings us back to Eq. (27).
In order to determine the total image self-energy, and compare it with exact numerical results, we need to take care of boundary terms, arising from the cylindrical geometry of the system and which influence the final value of the self-energy. We find it therefore convenient to re-express Eq. (25) in the form:
where V is the total volume of the system. Using the inhomogeneous Poisson equation, we may express the density of test charge as a function of the potential, in Eq. (28), to obtain:
We focus first on contributions to the image self-energy, within x 0 :
The first term in Eq. (30), is associated with the electric field inside the cylinder, cf. Eqs. (19) and (20), and reads:
where ξ ⊥ = r ⊥ /x 0 . Expanding the integral in R/x 0 leads, in the lowest order in R/x 0 , to:
where higher order terms in R/x 0 are neglected. Finally, using Eq. (7), yields:
With the same notations, the second term, in Eq. (30), originates from the electric field within x 0 but outside the cylinder, cf. Eqs. (22) and (23), and reads:
In the lowest order in R/x 0 , the result is:
a,in − 0.13
where the second term is a boundary correction, due to the cylindrical geometry. Including this boundary correction, the image self-energy, in the lowest order in R/x 0 , reads:
where the first term returns us back to Eq. (27).
We now proceed to determine the part of the self-energy, Σ
3 , at distances x ≫ x 0 . This reads:
where the external volume is beyond the cylinder of length 2x 0 and radius x 0 . With the help of Eq. (24), this reads:
and should be contrasted with the naive expression: Σ
= e 2 /2ǫ m x 0 , based on a spherical symmetry.
From Eqs. (36) and (38), the total image self-energy, Eq. (26), to the lowest order in R/x 0 , reads:
VI. NUMERICAL ESTIMATES FOR THE INFINITE CHANNEL
The most straightforward and accurate way, of determining the value of the self-energy of an ion, Eq. (25), has been taken by Parsegian who has used a formula 5 , similar to Eqs. (1) and (2), which has been substituted in Eq. (25), and evaluated numerically. With the help of our Eqs. (1) and (2), Eq. (25) reads:
where the energy is measured with respect to the Born energy, and may be evaluated with any standard software. We shall refer to this solution, for the image self-energy, as the exact numerical solution.
Our analysis of the previous sections, on the other hand, has revealed some important features of the electrostatics of ion channels, in particular the crossover length x 0 , the 1D nature of the Coulomb potential and expressions for all quantities of interest, including the self-energy of Eq. (40) and the main contribution to this image self-energy, the 1D Coulomb part. We proceed to evaluate these expressions, by taking the case of, e.g. the model-pore gramicidin A which has a radius R = 3.0Å and a length L = 25.0Å, and for the typical room-temperature values:
ǫ m = 2 and ǫ w = 80.
The crossover length, x 0 , has to be determined self-consistently from Eq. (7). In the logarithmic approximation, this length reads:
Using a more precise graphical method, cf. Fig. 3 , yields: 
which displays the "geometric mean" screening: ∝ √ ǫ w ǫ m , and is affected by a logarithmic factor characteristic of the intrinsic 1D nature of the system (see also Ref. 7 where the geometric-like screening has been considered qualitatively).
As a consequence of Eq. (43), if an ion is in the pore, any additional ion will feel a constant repulsive force, cf. Eq. (21). Substituting the expression of x 0 , cf. Eq. (7), in Eq. (21), this force simply reduces to:
This is an unrealistically large (because we consider an infinite channel) force: F a ≈ 48.9 eV/Å.
The strong repulsion originating from Eq. (44) is therefore responsible for the large image selfenergy of the charge, cf. Eq. (27), which, with the help of Eq. (7), and to the lowest order in R/x 0 , reads:
where C g = 0.13(e 2 /2ǫ m x 0 ), is the geometric correction, appearing in Eq. (36). With the help of ǫ m = 2 and ǫ w = 80, Eq. (45) yields:
where Notice that, to express the self-energy in units of k B T , where k B is Boltzmann's constant, we have found it convenient to introduce Bjerrum's length, l B . At room temperature and in water, Bjerrum's length reads: l B = e 2 /ǫ w k B T . To be able to compare safely our results with previous studies 3, 4 we take the value l B ≈ 7.038Å (Jordan converts the values of Levitt (in k B T ) in units of e/ǫ w R and this value of l B agrees with the conversion).
VII. FINITE-SIZE EFFECTS: TRANSLOCATION ENERGY IN NANO-CHANNELS
In the case of a finite-length channel, calculations similar to the infinite length case lead to for a length L = 25.0Å and a radius R = 3Å. The latter is defined as:
which is simply the work required to bring the charge from the entrance of the channel, at x = L/2, to its center, at x = 0. Two formulas were then proposed to take into account of the finite size effects. For large lengths Parsegian has proposed 3 :
where the first term is the self-energy of the infinite channel and the second term corresponds to the self-energy of a charge in a membrane without a pore. On the light of the previous sections, this "large length" ansatz, should work for lengths larger than 2x 0 . We may understand this result on the basis of Fig. 6 , by decomposing the self-energy into two parts, while bringing the charge from infinity to the origin:
where the first term corresponds to the 1D Coulomb part of the self-energy of the infinite channel and the second, to the energy required to displace the charge from L/2 to x 0 (for the finite channel image charges do not play any role beyond L/2 from the origin and the corresponding self-energy contribution has been neglected). Up to numerical coefficients, the first two terms yield Σ (∞) and the last term yields the (reducing) effect of the membrane. Unfortunately, Eq. (49) seems to work only for unrealistically long channels, well beyond 2x 0 , i.e. the percentage of error, with respect to numerical simulations, becomes less than 5% for lengths larger than 40R.
For the most relevant case of small length channels, cf. Fig. 7 , Jordan has proposed, without any justification other than curve-fitting, the following expression 4 : 
where Σ 
VIII. CONCLUSION
In summary, we have shown that finite-T transport, across ionic channels, is determined by zero-temperature (as there is no screening 9 by counter-ions within the channels we are interested in) classical electrostatics. Our main results have shown that ions in the water channel of a lipid membrane interact via a one-dimensional Coulomb potential, cf. Eq. (11), below a crossover length x 0 , cf. Eq. (7), and a three-dimensional Coulomb potential beyond this length. The length x 0 has been shown to be of the order of the length of, e.g. the model pore gramicidin
A. An expression for the image self-energy of a finite nano-channel has then been obtained, cf.
Eqs. (52) and (45), with no fitting parameter and an agreement within an error of 5% with the existing numerical simulations available from the literature on the subject. Combining Eqs. (52) and (45) the most general expression for the image self-energy of a channel of length L and radius R reads:
where γ ≈ 0.577 is Euler's constant, x 0 is determined by Eq. (7) and N = 1 − 0.13, is a numerical coefficient originating from C g , cf. Eq. (45). The latter may be of the order of a few k B T (depending on the characteristics of the channel under consideration) and has to be taken into account for numerical estimates. In the lowest order in L/2x 0 , Eq. (54) increases linearly with the length of the channel, a feature of the 1D Coulomb potential.
The image self-energy of Eq. (54) corresponds to the translocation, or activation, energy through a finite length channel, e.g. the energy required to displace a charge from the entrance of a channel to its center. In relation with experiments, the existence of such electrostatic barrier requires a threshold voltage difference, e∆V c (L, R) = Σ
1 (L, R) (where the self-energy is in units of eV ), across the channel in order to pass an ion through it (no chemical potential difference is taken into account here). Equivalently, this corresponds to the existence of a threshold electric field: E c = ∆V c (L, R)/L, applied along the length of the channel. As an inverse problem, measurement of this threshold field would then give access to information on the channel, its radius or length, with the help of Eq. (54).
The image self-energy of Eq. (54) determines the main exponential dependence of the conductance of a nano-scale channel:
Up to now, all our estimations where performed at room temperatures for ǫ w = 80. Actually, the dielectric constant of water is sensitive to temperature and varies from ǫ w (273 K) = 87.78
to ǫ w (323 K) = 69.91. Basic estimations of Σ 1 ≡ Σ 1 (T ) which take into account of this temperature variation of ǫ w show that the ratio Σ 1 (T )/k B T becomes approximately temperature -independent (the coefficient C T defined as: Σ 1 (T )/T | T =273K = C T Σ 1 (T )/T | T =323K is equal to C T ≈ 1.18 for a temperature-independent dielectric constant and to C T ≈ 1.00 with the above temperature-dependence of ǫ w ). This implies that, despite the fact that the conductance is affected by an exponentially small factor, its thermal dependence is weak so that the ionic flow through channels of cell membranes is stable, being approximately constant over more than two decades of units of temperature, around room temperature.
